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Abstract 

Let A = —Yli'^kCki di be a degenerate sectorial differential operator 
with complex bounded mesaurable coefficients. Let C R'^ be open 
and suppose that A is strongly elliptic on VL. Further, let x ^ (^^(R*^) 
be such that an e-neighbourhood of supp x is contained in VL. Let v G 
(0,1] and suppose that the Cki\Q_ G C^'^iVt). Then we prove (Holder) 
Gaussian kernel bounds for the kernel of the operator u ^ x^tixu), 
where S is the semigroup generated by —A. Moreover, if z/ = 1 and 
the coefficients are real, then we prove Gaussian bounds for the kernel 
of the operator u x StU and for the derivatives in the first variable. 
Finally we show boundedness on Lp{M!^) of various Riesz transforms. 
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1 Introduction 



If A is a strongly elliptic second-order operator on R*^ in divergence form with complex 
bounded Holder continuous coefficients, then it is well known that it generates a holomor- 
phic semigroup S which satisfies Gaussian kernel bounds and Gaussian bounds for first 
order derivatives in each of the variables. If A is merely partially strongly elliptic on an 
open set C R'^ then in general Gaussian bounds on R'' fail, but in a previous paper 
|E01] we showed Gaussian kernel bounds on good parts of Q if the coefficients of A are 
real and measurable. Precisely, if x ^ R) and if A is strongly elliptic on suppx, 

then for all t > the operator St has a Holder continuous kernel satisfying (Holder) 
Gaussian bounds, where is the multiplication operator with the function x- Iii this 
paper we extend this to (Holder) derivatives of the kernel if the coefficients of the oper- 
ator A are complex Holder continuous on Q and the distance d{suppXj^^) > 0, that is 
an e-neighbourhood of suppx is still in Q. If in addition the coefficients are in W^'°°{Q) 
and real on R*^, then we also show that for all t > the operator St has a kernel Kt 
satisfying Gaussian bounds. This is remarkable, since there is no cut-off for the operator 

St on the right. Moreover, we show that there exists a representative of the kernel 
Kt such that {t, x, y) Kt{x, y) is measurable on (0, oo) x R"' x R'^ and x i— )■ Kt{x, y) is 
once differentiable for all ?/ G R'^ and t > 0, and the derivatives satisfy (Holder) Gaussian 
bounds. This allows to prove boundedness of the Riesz transforms V (/ -|- y4)~^/^ on 
Lp{W^) for allp G (l,oo). 

Throughout this paper the field is C. Fix G W and for all fc, Z G {!,..., d} let 
CkV- R'^ — )■ C be a measurable bounded function. Suppose that the matrix C{x) := {cki{x)) 
is uniformly sectorial for all x G R'', i.e., there exists a G [0, |) such that 

d 

k,l=l 

for all (6, • • • , Crf) e and x G R'', where 

= {re^" : r > and a G [-9,9]}. 
Define the form a: W^^'^{W^) x W^-^{B.'^) C by 

d p 

a{u,v)=Y2 / Cki{dku)div. 

Then a is a densely defined sectorial form. In general o is not closable, but nevertheless 
one can assign a semigroup generator A with a as follows. If n, / G L2(R°') then u G D{A) 
and Au = / if and only if there exist ui,U2,... G W^''^{M!^) such that limM„ = u in 
L2(R^), supRea(M„) < oo and lima(M„,f) = (/, f) for all v G W^''^(R^). The operator A 
is well defined and is m-sectorial by Theorem 1.1 in [AEj . If a is closable then A is 
the operator associated with the closure a of the form a in the sense of Kato |Kat3] . 
We call A the sectorial degenerate differential operator with coefficients (cki). Formally, 
A = —J^ki^i^kidk- We denote by 5* = {St)t>o the contraction semigroup generated by 
—A on L2(R'^). Then S is holomorphic on the sector Sg^, where throughout this paper we 
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define Oa = \ — . Let Q C open. We suppose that the coefficients of A are strongly 
elliptic on f2, that is, there exists a > such that 

d 

k,l=l 

for all ^ G and a.e. x E ^l. 

The main results of this paper are the following. The first theorem is for complex 
Holder continuous coefficients on Q, but with a multiplication operator on both sides of 
the semigroup. 

Theorem 1.1 Let A be a sectorial degenerate differential operator with coefficients {cki), 
where Cki- R'' — )■ C is a bounded measurable function for all k,l G {1, . . . ,d}. Let Q ^ 
R*^ be open and suppose that (cki) is strongly elliptic on Q. Let v G (0, 1) and suppose 
that Cki\n e C°'''(J1) for all k,l G {l,...,d}. Let x e C^(R'^) with x 7^ and suppose 
d{suppXj^^) > 0- Then there exists a continuous function {z,x,y) 1— >■ Kz{x,y) from 
E^^ X R*^ X R*^ into C such that the following is valid. 

• The function is the kernel of the operator M^S^M^ for all z G Ti^^, where S is 
the semigroup generated by —A. 

• The function is once differentiable in each variable and the derivative with respect 
to one variable is differentiable in the other variable. 

• For every multi-index a, (3 with |a|, < 1, k > and r G [0, 1) there exist a,b > 
such that 

\{d^ K,){x,y)\ < a Izl-"/' \z\-(M+m)/2 (1 + g-"^ 

and 

I K,) {x + h,y + k)- {d: K,) {x,y)\ 

Y |x — y| + ^/\z\ 

for all z G and x, y,h,k E R*^ with \h\ + \k\ < r \x — y \ + k, ^/\z\. 

The second result is for merely one multiplication operator on the left of the semigroup, 
but it requires that the coefficients of the operator are real on R*^ and uniformly Lipschitz 
on Q. 

Theorem 1.2 Let A be a sectorial degenerate differential operator with real coefficients 
(cki), where Ckf- R*^ — >■ R Z5 a bounded measurable function for all k,l G {1, . . . , d}. Let S 

be the semigroup generated by —A. Let f2 ^ R^ &e open and suppose that {0^1) is strongly 
elliptic on Suppose that Cki\n G Vr^'°^(ri) for all k,l G {l,...,d}. Let x G C{f(R'^) 
with X 7^ and suppose (i(supp x, ^'^) > 0. Then there exists a measurable function 
{t,x,y) I—)- Kt{x,y) from (0, 00) x R*^ x R'' into R such that the following is valid. 



;i + \z\) — 2 — e 
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The function Kt is a kernel of St for all t > 0. 

The function x i— Kt{x,y) is continuously differentiahle on R*^ for all t > and 
y G R*^. 

The function t h-> Kt{x, y) is continuous for all x,y G R"^. 

For every multi-index a with \a\ < 1, z/ G (0, 1), e > 0, /t > and r G [0, 1) there 
exist a,b > such that 



\id^Kt){x,y)\ < at-''/2^-l"l/2e^*e-'' 
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and 



d/2^-\a\/2 ( m \ ,et^-h\^ 



mKt){x^h,y)-{dZKt){x,y)\<at-''lH-\^\l' ^ -] e^' e 

\\x-y\ 

for all t > and x,y,h E M!^ with \h\ < t \x — y \ + k y/i. 

In Theorem 11.11 the function {t,x,y) i— )■ Kt{x,y) is continuous, whilst it is not clear 
whether the function {t,x,y) i— )■ Kt{x,y) is continuous in the setting of Theorem 11.21 
Likely, there even does not exists a continuous function which is equal to this function 
almost everywhere on (0, oo) x R*^ x R*^. On the other hand, we prove measurability jointly 
in the three variables and do not work with an equivalent class of functions, for which 
the representative changes all the time. Since there are uncountable many y G R'^ this 
complicates the proof. 

We also investigate boundedness on Lp of Riesz transform type operators. We obtain 
the following result. 

Theorem 1.3 Let A he a sectorial degenerate differential operator with complex coeffi- 
cients {cki). Let Q M!^ be open and suppose that (cki) is strongly elliptic on fl. Let 
X G C^(R'^) with X 7^ and (i(suppx, ^'^) > 0. Then one has the following. 

(a) Let V G (0,1) and suppose that cu\q, G C°''^(r2) for all k,l G {l,...,d}. Then the 
Riesz transforms V (/ + are bounded on Lp(R'^) for all p G (1, oo). 

(b) Suppose that Cki\n G W^'°°{Q) and Cki is real valued for all k,l G {1, . . . ,d}. Then 
the Riesz transforms V (/ + A)^^^"^ are bounded on Lp(R'^) for all p G (1, oo). 

(c) Let V G (0,1) and suppose that Cki\^ G C°''^(fi) for all k,l G {l,...,d}. Then the 
Riesz transforms V (/ + A)^^^"^ are bounded on L2(R'^). 

Using Morrey and Campanato spaces we prove Theorem 1 1.1 1 as in [EOlj . if the operator 
is strongly elliptic on R*^ and the coefficients are Holder continuous on R*^. We carefully 
control all the constants and show that they depend only on the ellipticity constant on 
Q and on the Holder continuity of the coefficients on Q. Then the Arzela-Ascoli theorem 
together with two approximations give the theorem. We prove a quantitive version of 
Theorem II. II in Section O 

Since 

St = St + [M^, St] 
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and one can use Theorem 11.11 to handle the first term, it suffices to obtain good estimates 
on the commutator to derive the bounds of Theorem ll.2[ This is done in Section [HJ 

Finally, in Section H] we prove the boundedness of the Riesz transforms of Theorem 11.31 
and the boundedness of several other Riesz transforms. For strongly elliptic operators 
in divergence form with complex bounded measurable coefficients the boundedness of the 
Riesz transforms on L2(Il'^) was the longstanding open Kato problem until it was solved 
by Auscher-Hofmann-Lacey-Mclntosh-Tchamitchian |AHLMT] . For Holder continuous 
coefficients the Kato problem was solved earlier by Mcintosh |McI] and a simplified proof 
was given in |ER1] . In the proof of Theorem ll.5|(a) we adapt this simplified proof. In 
|E02] Theorem 1.2 we proved Theorem 1 1 . 3|(a) | for merely measurable coefficients, but with 
the restriction that the coefficients are real symmetric and p G (1, 2]. 

In the proofs we need various times to transfer semigroup estimates into Gaussian 
bounds, with control of large time behaviour, using the Davies perturbation method. Note 
that we deduce polynomial growth for large time for the kernel bounds in Theorem ll.il The 
techniques are more or less folklore, however scattered over the literature. In the appendix 
we collect them together for the convenience of the reader. Finally, by decomposing x into 
its real and imaginary part, for simplicity we may and do assume throughout the rest of 
this paper that the various cut-off functions x, Xv • • ^^^^ always real valued. 



2 Complex Holder continuous coefficients 

We start this section with the definition of a number of classes of coefficients and operators. 
The main aim is to obtain results for elements of these classes and that the constants 
involved are uniformly for a given class. 

Let e e [0, f ) and M > 0. Define 6(9, M) to be the set of all measurable C: ^ C'*^'^ 
such that 

{C{x) i) e for all x G R"^ and ^ G C^, and, 
\\C{x)\\<M for all a; G R"', 

where is the ^2-norm of C{x) in and (■, ■) is the inner product on C''. For all 

C G S{e, M) define the sectorial form form ac- ^^^'^(R^) x W^''^{W^) ^ C by 




and let Ac and S*" be the associated operator and semigroup. Here and in the sequel Cki{x) 
is the appropriate matrix coefficient of C{x). If no confusion is possible then we drop the 
C and write a = ac, A = Ac and S = . For all C G 8(6, M) define 3fJC: R^ ^ C by 

{^c){x) = \(c{x) + c{xyY 

Then 3fJC G 5(0, M) and Asrc- is self-adjoint. Moreover, asRclw) = Re a(u) for all u G 
iyi'2(R'='). Next, let £{9, M) be the set of all C G S{e, M) such that there exists a /^o > 
such that Re(C(a;) ^, > /io I^P for all x G R'^ and ^ G C^. We emphasise that the 
constant yUo depends on C. 
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Let r C E'^ be a set, 9 e [0, f) and /x, M > 0. Let S{Y,e,n,M) be the set of all 
C e S{e, M) such that 

Re(C(x) i,i)>^Ji for all x e y and ^ e 

and define 

E{Y, e, M) = S{Y, 9, M) n £{9, M). 

Next, let V e (0, 1] and suppose that Y contains at least two elements x, y with < 
l^; — y| < 1- The space C°'^(y) is the space of all Holder continuous functions on Y with 
seminorm 

\u{x) - u{y)\ 



\u\ 



|co,-(y) = sup{ — ■ — ■.x,yeY, 0<\x-y\<l}. 

\x — 



Let «S^(F, 9, /X, M) be the set of all C e S{Y, 9, /i, M) such that 

I \\cki\Y\ I lco.-(y) < M for all A;, / e {1, . . . , d}, 

and define 

S'^iY, 9, M) = S^'iY, 9, //, M) n S{9, M). 

Finally, let £W{Y,9,^, M) be the set of all C G £''{Y,9,fi,M) such that 1 1 |cfci| | |co,.(E'i) < oo 
for ah A;, / G {1, . . . , rf}. If C G S^iY, 9, fi, M) then Ac is sectorial on L2(R'^), whilst Ac is 
strongly elliptic on R'* if C G S'^{Y,9, fi, M). Finally, Ac is strongly elliptic with Holder 
continuous coefficients on R*^ if C G S'H^{Y,9, /i, M). In any case, Ac is strongly elliptic 
on the set Y with eUipticity constant at least 

In the proof of the theorems we frequently need the Davics perturbation. For all p G R 
and i/j G W^'°°{'R'^) define the multiplication operator Up by UpU — e'f^u. For all n G M 
let 

i)„ = {^Giy"'°^(R^R):ii Yl i^>riioo<i}- 

l<|Q;|<n 

Thus 

Pi = {V' G iyi'°°(R^R) : llWlloo < 1}- 

Let C G S(9, M). Define Sf'"^ = S^"'^ = UpStU_p to be the Davies perturbation of St for 
all i > 0. Let —Ac,p — —Ap be the generator of S'^'^'f\ Moreover, define the form ac,p by 

ac,p{u,v) = ac{U^pU,Upv) 

with form domain D{ac,p) = W^''^{W^). Then Ac,p is the operator associated with Oc,p- 
We frequently need the following lemma for estimates on L2. 

Lemma 2.1 Let 9 G [0, |) and ijl,M>0. Then one has the following. 

(a) //C G S{9,M) then ||^f''^||2^2 < e'^^'* for all t > 0, e and p G R, where 
u = 3(1 + tan^)2(l + 

(b) Let r C R'^ and a G {-9^, 9a). Then 

e-CeS{Y,9 + \aU'-^^^^^,M) 



cos 9 



for allC e S{Y,9,fi,M). 
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(c) //x G W^'^iR'^) and C G 5(supp x, ^, /i, M), then M^D(AJ/^) C W^^'^iR'^) and 

d 



E 

m=l 



^M^-M9^^)u\\l<'-^\\A]llu\\l 



(1) 



/or an u G /^(A^/?) 



(d) //x G iy^'°^(E^) an(i C G 5(supp x, ^, /i, M), then M^StL2{R'') C iyi''-'(R^) and 



/or all t > 0, u e L2(Rf'^) and me {1,. . .,d}. 



^^jj, sin 6a 



oo ^-1/2 



F 2 



Remark 2.2 Note that dmM^ — Mq^^ D M^dm in Statements (c) and (d) 



The rotational invariance of Statement (b) allows to consider various bounds on kernels 
Kz merely for z G (0, oo). Then the uniform bounds for z in a sector Sg, with 6' G (0, 6a) 
follow since all bounds depend only on x, ^, At, M, u and 6. 



Proof '(a) . This follows from (14) in |AEj . 



(b)j . Let a; G y and ^ G C^. Then 

Re{e'° C{x) ^, = cos a Re{C{x) ^, - sin a Im(C(x) ^, 

> cos a Re{C{x) ^, ^) — sin |a| tan 6 Re(C(x) C,) 
cos(6 + laP 



cos 6* 



Re(C(x)e,0 



2 C0S(^^ + 



COS 6* 



This proves Statement (b) 



Let e > and n G IN. Set = C + ^ /. Then C„ G £:(supp x, 6*, /x, M + 1). Let 



u G PFi'2(R'^). Then 



m=l m=l k,l=l 



< 



< 



Il^g/c„'"ll2 
\\{sl + A^cS^Ml 



fx 



/i 



Now let u G L2(R"'), v G ^^^'^(R'^) and m G {1, . . . , c/}. Then 



F 2 2- 
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Taking the limit n — t- oo and using |AE] Theorem 3.7 (cf. |Sim] Theorem 3.2), one deduces 
that 



2 



\{{el + A^c)-'^\ dUxv))\ < m\2. 

/i 

So 



\{u,dm{xv))\ <'-^\\{eI + A^cY^'uh\\vh 
for all u G D{aK^), v G W^'^R'^) and m G {1, . . . , d}. Taking the limit e iO one obtains 

|2 



\{u, {M^dm + Ma„»| < ll^/Jnlh ||t;||2. (2) 



Therefore 

|2 



|(M^n,9„t;)| < Il4c«ll2 + ll-^n^xlloo hh) Wvh 

for all v G iy^'2(R'^) and m G {1, . . . , d}. So M^u G iy^'2(R'^) and then the estimate 
follows from ([2]). 



(d)'. Let a G {0,6a). Then it follows from Statements (a) and (b) that US'! ||2->2 < 



e'^^^for all z G S° , p G R and ^ G Pi, where w = 3(1 + tan(^ + a) f{l + (fM). Hence 
the Cauchy representation formula gives 

\\A,s['\\2^2<-^e^^p'' (3) 
t sma 

for all t > 0, p G R and %l) eVi. If C G £^(supp x, 0, p, M) then 

•„M, - Me^^)S?u\\l < Il4c^f«ll2 



2 

2^ Re(Ac7 S^u, S^u) 



<^\\AcS^uh\\S^uh 
p 

— 2* 

p t sma 



Now take the limit a t Finally, let C G 5(supp x, ^, A*, ). For all n G IN define 
C„ = C + i /. Since lim„^oo Sf" = strongly in £(L2(R"')) by |XE] Corollary 3.9, now 
Statement (d) follows as in the proof of Statement (c) , □ 



The next theorem is a uniform version of Theorem 11.1 



Theorem 2.3 Let Q R'^ be open, 9 G [0, f ), p, M > 0, z/ G (0,1), n > 0, t e [0,1), 
9' G {0,9a) and x ^ C^{R'^) with x 7^ and d{snppx,^'') > 0. Then there exist a,b > 
such that for every C G S" {Vt,9, [x, M) there exists a function {z,x,y) i— )■ Kz{x,y) from 
Sg^ X R'^ X R'^ into C such that the following is valid. 

(a) The function {z,x,y) h-> Kz{x,y) is continuous from x R'^ x R'^ into C. 
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(b) For all z G Sg, the function is the kernel of the operator M^SzM^. 

(c) For all x,y eM!^ the function z t-?- Kz{x,y) is holomorphic from S^, into C. 

(d) For all z G E^, the function is once difjerentiable in each variable and the deriva- 
tive with respect to one variable is difjerentiable in the other variable. Moreover, for 
every multi-index a,l3 with < |a|, \/3\ < 1 one has 

d+|a| + |,3| ^ \x-y\^ 



|(a°a^i^,)(a;,2/)| <a|;2|-''/='|z|-(l"l+l^l)/2(l + |z|)- ^ e 

and 

I {d: K,){x + h,y + k)- {d: d^^ K,){x, y) \ 




|x - y 

for all X, y,h,k E R*^ with \h\ + \k\ < r \x — y\ + k. 

Proof We first prove the theorem with S'^{Q, 6, n, M) replaced by S'H'^{Q, 6, fx, M). For 
strongly elliptic operators on R'^ in divergence form and Holder continuous coefficients all 
the kernels with stated holomorphy and continuity properties are well known. The main 
point is to derive the uniform bounds. We emphasise that the constants in the proof do not 
depend on the ellipticity constant /^o for elements in S'H'^{Q,6, fi, M), nor on the Holder 
continuity of the coefficients on Q'^. Then we will approximate elements of £^{Q, 6, n, M) by 
elements of S'H'^{Q, 6, /z, M) and finally approximate elements of iS^(f2, 6, /i, M) by elements 
of S^in^e^iJ^^M). 

Without loss of generality we may assume that d > 3. Let F G Q he a closed set with 
F ^ and d{F,n^) > 0. Let tq = |c/(F,fi=). There exist Xi,X2 e ^^(R'^) such that 
< Xi,X2 < 1 and 

, if d(x, F) < ro, 
1 II d{x, il) < ro, 

, 1 if d(x, F) < 2ro, 

for all X G R'^. Let M' = 2||x2|ki,-(Rd) M + ||xi||i4/i.-(R'') + 1- Let C G £W{Sl,e,ii,M). 
Define C = X2C + xil- Then C G £n''(R'^,9, fx A 1,M'). Since the operator Ac is a 
strongly elliptic operator on R"' with C^'^'-coefficients, it satisfies various kinds of De Giorgi 
estimates. On bounded open sets these are proved by Giaquinta |Gia] . |GM] . or Xu-Zuily 
jXZj. The global estimates follow from |ER3] Proposition 3.5 and |ER2] Proposition 2.6. 
Precisely, there exist c'qq,c"jjq > and for all u' G (0, 1) a cdg > 0, depending only on fx, 
M', V and z/', such that 

/ \Vu\^<cdg(-b) / |Vm|2 (6) 

JB{x,r) ^-n-^ Jb{x,R) 



8 



and 



d p 

y2 / \dkU - {dkU)^^r 

u-, JB{x,r) 

^-"^ Jb(x,R) ^^-^ JB{x,R) 

for all i? G (0, 1], r e (0, i?] and u G i?)) satisfying Acu = weakly on B{x, R), 

where u = ^{1 + u) . 

Write a = ac, A = Aq and S = S'~^ . It is well known that the semigroup generated 
by S has a kernel satisfying continuity, holomorphy and Gaussian properties similar 
(d) in the theorem. Define Kz{x,y) = x{^) ^zi^iV) xiv)- Then Kz is the kernel of 



to 



M^SzM^. Moreover, K satisfies Properties (a) -[(c 



Note that a{u,v) = ac'iu,v) for all u,v e W^''^(R'^) with suppw C F. For all 7 G [0,d] 
let M2^y(R^) be the Morrey space and for all 7 G [0,d + 2) let M.2,^(^'^) be the Campanato 
space as defined in |E01] Section 2. 

For all 7 G [0, d) let -P(7) be the hypothesis 

For all X ^ C^(Ii'^) with suppx C F there exist ai,wi > 0, depending only on 
X, ^, 0, fj,, M and z/, such that 

and 

uniformly for alH > 0, m G 1^2(1^'^), p G R and G "Di. 

Arguing as in the proof of Lemma 3.3 in |E01] it follows from ([3]) and the De Giorgi 
estimates that -P(7) is valid for all 7 G [0, d). 

Next, for all 7 G [0,d + 2v\ let P'(7) be the hypothesis 

For all X ^ C^{K'^) with supp x C F there exist ai, > 0, depending only on 
Xi ^1 G, /U, M and z/, such that 

and 

uniformly for alH > 0, m G L2(R'^), p G R and ip G r'2- 

Since M2,^nL2 = A^2,7nL2 for all 7 G [0, d), with equivalent norms, one deduces from ^(7) 
that also P'i'j) is valid for all 7 G [0, d). But arguing as in [ER2j . proof of Proposition 3.2 
and the proof of Lemma 3.3 in [EOlj it follows from the De Giorgi estimates ([7]) that P'{'y) 
is valid for all 7 G [0, (i + 2z/]. Hence there are a,u > 0, depending only on x, fl, 9, fj,, M 
and such that 
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and 

||(/ - L{h))d''M^s[''\\u < ar-^/^ri^i/^l^^y e^(i+''')* \\u\\2 

for all multi-indices a with \a\ < 1, t > 0, u E L2(1R'^), p G R. and ip G 'D2. Here L{h) 
denotes left translation, defined by {L{h)u){x) = u{x — h). Next, ||5'j''''||2-^2 

< e'^'"' * for all 



t > 0, where uq = 3(1 + tan6')2(l + c?^ M) by Lemma E (a 



Then the bounds of Property (d) follow from Lemma [A. II in Appendix lAl uniformly for 
all z G Eg, and C G £'H'^{Q, 9, /i, M). This proves the theorem with S'^{Q, 9, /i, M) replaced 
hy £'H''in,9,fx,M). 

Let X ^ C^{'R'^) with x 7^ and (i(supp x, fi'^) > 0. Let tq = |(i(suppx, ^'^) and let 
= {x G : d{x,suppx) < ''^o}- Then f2' is open, o?(suppx, (^')'^) > and d^Q'jQ'^) > 
Tq > 0. 

Let a, /3 be multi-indices with \a\, < 1. Using the Cauchy representation formula on 
the sector E^^ one deduces that dfd^dl^K^ satisfies Holder type Gaussian bounds uniformly 
for all C G SWiVt', 9, /i, M), where K'^ is the kernel associated with z M^S^ M^. Hence 
the set of functions 

{{z,x,y) ^ {d:d;Kf){x,y) : C G SH^in' ,9, f,, M)} 

is equicontinuous on compact subsets of x R*^ x R'^. 

Fix r G C~(B(0,ro)) with r > and / r = 1. For all n G IN define r„ G ^^""(R'^) 
by r„(x) = n'='r(nx). Now let C G S''{n,9, fi, M). For all n G IN and A;, / G {l,...,d} 
define 4'^^ = ch * r„ and define = (4"^). Then C^") G SWi^', 9, /i, M) for all n G IN. 
Write = S^^"\ etc. Since {d^d^Ki''^){x,y) : n G IN} is equicontinuous on 

compact subsets of x R'^ x R"^ for all < 1 it follows with a diagonal argument 

from the Arzela-Ascoli theorem that there exists a subsequence {K^'^''^)k£]s<i of (i^*^"'^)„g]N 
such that K^"'/^^ = limfc-s-oo d^d^K^'^''^ exists uniformly on compact subsets of x R*^ x R'^ 

and every multi-index a,/3 with \a\, \/3\ < 1. Then {z,x,y) 1— j- Ki"'^\x,y) is continuous 
on X R'^' X R'^. Set K = K^'^'^^ where |a| = = 0. Obviously for every z G the 
function Kz is once different iable in each variable and the derivative with respect to one 
variable is differentiable in the other variable. Also satisfies all the Gaussian bounds 
from the theorem and the constants in the Gaussians depends only on x, f2, 9' , fi, M 
and u. Let z G S^^. Let u,v & C^(R'^). We shall prove below in Lemma 12.41 that 

hm„_>oo Si"'^u = S^u in L2(R'^). Hence 

{S^u, v) = hm v) 

fe— >-oo 

= lim / / K^^^\x,y)u{y)v{x)dxdy 



Kz{x,y) u{y) v{x)dx dy. 

Since K satisfies Gaussian bounds it follows that Kz is the kernel of 5*^. This proves the 
theorem with S^i^l, 9, p, M) replaced by S^i^, 9, /i, M). 

Finally, let C G S''{n,9, fx, M). For all n G IN define C„ = C + i /. Then C„ G 
£''{n, 9,iJ.,M+ 1) for all n G IN. Since lim^^oo = S^u in L2(R^) for all z G and 
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u e L2(R°') by ^AEj Corollary 3.9, a similar approximation argument as in the previous 
step completes the proof of Theorem I2.3[ □ 



It remains to show the next lemma. 

Lemma 2.4 Let 6 G [0, f ) and M > 0. Let C e £{6, M) and r e C^{W^) with t > and 
Jt = I. For all n EM define r„ G C^{R'^) by r„(x) = n'^r(nx) and set = (4"^), 
where = r„ * ch for all k,l e {1, . . . ,d}. Then C^""^ G £{6, M) for all n G IN. Write 
g{n) ^ g ^ gc^ g^^^ j^/^g^ lim„^oo ^1"^ = S, strongly m £(L2(R'^)) /or all ^ G S°^. 

Proof Let G Loo(lR'^) and m G L2(E'^). Then 

(^(/ - L(x))r7)M = (/ - L{x)){7]u) - {L{x)7]) (/ - L{x))u 

for all X G R'^. So 

IKr] - r„ * r7)M||2 < llr^M - r„ * (r7M)||2 + llr^lloo / r„(x) || (/ - L(x))m||2 (ix 

for all n G IN and lim \\{ri — Tn* i])u\\2 = 0. 

There exists a /io > such that Re(C(x)^,^) > /xq I^P for all x G R'^ and ^ G C^. 
Then Re(CW(x)^,0 > /^o I^P and ||C(")(x)|| < M for all x G R<^, ^ G and n G IN. 
Hence there exists a c > such that || VS'f"''u||2 < ct~"'^/^||M||2 for all t > 0, m G L2(R°') 
and n G IN (cf. the proof of (13) in [EO lJ). By increasing c if necessary, it follows similarly 

that ||V5tM||2 < ct-^/'^\\u\\2, and ||V5f ^*m||2 < ct-^/'^\\u\\2 for alH > and u G L2(R'^). 

Without loss of generality we may assume that z G (0, oo). Next, let M,f G L2(R'^). 
Then 

((^(") - S,)u, ^) = £ ^ (S^^.u, Si^>v) ds 

{A s^^su, si^K) - {s^.su, a: Si^K) ds 



k,l=l 

for all n G IN. So 



Jo 

r{{cki-cti'')dkS,_sU,diSi''>v)ds 



\\{S^:^-SM\2<cY f Wki-ctj')dkS..suhs-"^ds 

and the lemma follows from the Lebesgue dominated convergence theorem. □ 

The proof of Theorem 12.31 together with Lemma 12.41 gives estimates which we need in 
the proof of Proposition 13.71 
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Lemma 2.5 Let n ^ R"^ be open, 9 G [0, f ), /i,M > 0, z/ G (0,1) and x e C{f(R'^) 
with X 7^ and (i(supp x, ^'^) > 0. Then there exist a,a; > stxc/i that for every C G 
S''{VL,e,n,M) one has M^StU G W^'^(R'^) and 

5tM||oo < at-'^/^ e"* ||m||2 

for all multi-indices a with |q;| < 1, t > and u G L2(R'^). 

Proof Let x ^ C'^(R'^) with x 7^ and (i(supp x, f]'^) > 0. Let tq = | (i(supp x, ^'^) and 
Q! = {x &VL\ (i(x,suppx) < ''"o}- By (|8]) there exist a, w > such that 

||a"M^5fu||oo <at-''/n-l"l/2e'^*||u||2 (9) 

for all C G S'H''{Q,6,fi,M), muhi-indices a with |a| < 1, t > and u G L2(R'^). Let 
C G S''{n,e,i^,M). Let r G C,°°(5(0, ro)) with r > and / r = 1. For all n G IN let C^") 
be as in LemmaEIl Then g EW{n,e, ^i,M). Let t > and u G L2(R'^). Then 

|(5f"'u,M^9"t;)| = |(9"M^5f"M,t;)| < ar'^/^rl^l/^e'^* ||?i||2 

for all multi-indices a with \a\ < 1, f G C^(R'^) and n G IN. Now take the limit n — ?■ oo 
and use Lemma 12.41 It follows that 

\{M^Sfu,d''v)\ < ar'^/^rl"l/2e^*||M||2 (10) 

for all V G C^{R'^) and |a| < 1. Choosing |a| = 0, it follows that M^StU G L^{R'^). Next 
|a| = 1 and the density of C~(R'^) in W^^^iR'^) give that ^ is valid for all v G ^^^'^(R'^) 
and |a| = 1. Hence M^StU G W^''^{R'^) and (E]) is valid. 

Finally, if C G S^iVt, 9, /i, M) use the approximation C„ = C + ^ / as at the end of the 
proof of Theorem 12.31 and argue similarly. □ 

3 Real Vl/^^-coefficients 

Let 1] C R"^ be open, 6 G [0, f ) and /i, M > 0. Define 5^^^, ^, yU, M, real) to be the 
set of all C G S^{fl,9, fi, M) such that Cki is real valued for all k,l G {l,...,d}. If 
C G iS^(f2, 6*, /i, M, real) then ac is closable. Moreover, if x ^ C{^(R'^) with suppx C 
then there exists an a > such that ||M^u||pi/i,2(]i^d) < a ||'u||D(ap) for all u G W^''^(R'^). 
Hence M^{D(a^)) C iy^'^(R'^) and ||M^M||vi/i.2(Rd) < a||M||D(^) for all u G -D(o^). In 
particular, M^StU G W^'^iR"^) for alH > and u G L2(R'^). 
Throughout the remaining of this paper we set 

Cki = Cm + cik 
for all fc, / G {1, . . . , d}, whenever C G 5(6, M). 

Lemma 3.1 Let dR'^ he open, 9 G [0, f ) and /i, M > 0. Let C G £:^(f], 61, /i, M, real). 
Let u = 3d^M. Then 

||c(p)|| <c p^i\p\+P^)t 

W'-'t II oo->oo ^ C 

for all t > 0, p & R and ip &T>2. 
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Proof Let p G R and ip E 1)2- Obviously the form is real. Integration by parts gives 
ap{u,v) = a{u,v) - p j {dku) {diip)v-p J ^(Sjc^) {dk^)uv 

- p J'^Cki {dk diip) uv- p^ j ^ Cfc/ {dki)) (diip) u v 

for all u,v E W^''^{M!^, R). Then the lemma follows from |Ouhlj Corollary 4.10. □ 
It follows from Lemma [3.11 that the conditions of the next lemma are valid for p = 1. 

Lemma 3.2 Let Q G M!^ be open, 9 G [0, |), p, M > and p G [1, oo). Suppose that for 
all e > and x ^ C^{M!^) with x 7^ and d{supp X) > there exist a, w > such that 



for all C G £^^(ri,6',/i, M,real), t > 0, u E Li (1 L2, p E R and ^ G V2. Then for all 
q E [p, 00], z/ G (0, 1), e > andx e C{f (R*^) with i-i < x 7^ anc? d(supp x, 1]=) > 
there exist a, a; > such that 

WM^Sl^^W^ < ar^a-|)e^^'*e=*||u||i and 

- L{h))M.^ S['\\\, < a \hY t~i^^~-^h-^2 e^p''e'' 

for all C E S^iVt, 6, p, M, real), t > 0, u E Li n L2, p E R, E V2 and h E R'^. 

Proof Let C E S\Q,e, p, M), e > 0, p E R, ip E V2, x e C^{R'^) and suppose x ^ 
and (i(supp X, ^'^) > 0. Then 

ap{M^ u, v) - ap{u, M^v) = - ^{Mq^^ dk M^^^u, v) + ^(M(a,^)(a,c,o«' ^) (H) 

- J2^Me,9,x Mc,,u, v) - pJ2iM~c,, Mq^^ Mq^^u, v) 

for all u,v E W^''^(R'^). Note that {dix){dkCki) is a bounded function on R'^ since supp x C 
and Cki E W^'°°{Q). Since C is elliptic for all u,v E L2(R'^) one deduces 

(M, Sl'^u - Sl'^ M^u, y) = -J^ Ys^M^ ^^'^^'^^ 

- (M^ Ap St\u, Si^>v) + (M^ St\u, a; SiP>v)) ds 



a,(M^ Sliu, Si^K) - a,{St\u, Si'^^v) ds 
J2 [\si''^Ma^^dkM,^^sliu,v)ds + R, 
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where R is the contribution of the last three terms in (uTj) . which do not have a derivative. 
Therefore 

M^. Sl"^ - Sl'^ = [M^, Sl'^] 

= -J2 f S^f^ Mo,^9i M,,, S\t ds + i?', (12) 

with R' the contribution of the last three terms in ( ITT]) . 
Fix k,l G {l,...,ci}. Then 

Jo 

/.i/2 f-t 

= / ^(^) Ms^^di M,,, + / M^^^a, M,,, (13) 

Jo Jt/2 

for alH > 0. By Theorem 12.31 there are a,uj > Q such that 

\\M^S\P^ Md^^diWi^q < as--^^^--^^ s-^'^e'^P^'e'' and 
II (J - L{h))M^ SiP^ M9,^di\U^, < a |/ir s-"-^ e^P"' 

for all s > 0, p G R, "i/^ G ©2 and h G R'^. Suppose from now on that C is real valued. Since 
the matrix of coefficients is real it follows from Lemma EH] that there exists an > such 
that II ^J''^ II 1^1 < e'^'p'^e'' for alH > 0, p G R and e V2. Then 

II r M^SiP^Ma,AM^,,sl'Zuds\U 



t/2 



g-f s-1/2 ^es ^u'pHt-s) ^e{t~s) 



*e^*|k||i 



<2'^+iaMr^(^-i)ti/V-+->' 

for all t > 0, M G Li n L2, p G R and ip EV2. Similarly, 

(/ - m)M^ SiP^ Mo,^di M,,, Sti uds\\. 



It/2 

for alH > 0, M G Li n L2, p G R, ^/^ G 1^2 and h G R*^. 

Next we estimate the Li — > Lg norm of the first term in (fT3|) . There exists a % G C{^(R'^) 
such that x(3^) = 1 for all a; G suppx and (i(supp x, ^^'^) > 0. Then by assumption there 
exist a,u > such that 

WxSi'^uWp < ar^^'-^h'^P"' e'' \\u\\i 
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for alH > 0, u G -Li n L2, p G R and G I?2- By Theorem 12.31 there are a',u' > such 
that 

||M^ Si^^ Ma^^diWp^g < a' s'^^M^ 3-'/^ e^'""' e'^ and 
II (/ - L{h))M^ Si'^ M9,^di\\p^, < a' |/ir s-^^y-^^ s-"-^ e^'""' e'^ 
for all s > 0, p G R, G r'2 and h G R"'. Then 

"1/2 



Jo 

< \\M^ Si") Ma,.^di 11,^, ||M,,, S\tnh ds 
Jo 

/"I 



2 2Vp g'' 

for alH > 0, M G Li n L2, p G R and iIj G ©2- Similarly 

ft/2 



(/ - L{h))M^ ^i") Ma,,9, Ma,, « ds|| 
' ^ " <? ^ a a 

[-V df 

2 2 q 



— 1— d / 1 1 N II II i 



for alH > 0, M G Li n L2, p G R, ^ G 1^2 and h G R''. 

The term R! in (fT2|) can be estimated similarly. Using Theorem 12.31 to estimate the 
Li — 7- L„ norms of S':^'^ and {I-L{h))M^ sl"^ one deduces that there are a, a; > 
such that 

\\M^2Si''^u\\g < at-^^^-'^h'^p'' e'' \\u\U and 

11(7 - L{h))M^2 S['\\\, < a |/ir r^^^-i^r^ e'^'^e^* ||m||i 

for alH > 0, M G Li n L2, p G R, 7/; G 1^2 and h G R''. Then the lemma follows. □ 

Lemma 3.3 Let VL^B.'^ he open, ^ G [0, f ), /x, M > 0, z/ G (0, 1), e > and x e C{f (R'^) 
with X 7^ and (i(suppx, ^'^) > 0. There there exist a > anc? > snc/i i/iai 

||M^5;^^n||oo < at-^/^ e'^p"' e'' \\u\\i and 
11(1 - L(/i))M^ S['\\\^ < a Ihl" t-'^/H'^/^ e"^'*e^* ||m||i 

for all C G 5^((],^,/i,M,real), t > 0, m G Li n L2, p G R, G ©2 a?^c? e R'^. /n 
particular, StU G CO'^(R^) /or all t > and u G Li(R'^). 
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Proof It follows by induction from Lemmas 13. II and 13.21 that the current lemma is valid if 
6, fi, M, real) is replaced by S^{Q, 9, /i, M, real). Then by approximating C by C + ^ J 
the lemma follows. □ 

Next we turn to derivatives of the semigroup. 
Lemma 3.4 Let u G ^'^'^(R'^), v G i:2(R'^) and k ^ {\, . . . ,d} . Then 

^ ' cq Jq r r Co Jo r r ' 

whereco= r^^^^^. 

u JO r r 

Proof Write D = the skew-adjoint operator in L2(R'^). Then ((/ — L{r ek))^u,v) = 
((/ — e~^'^)^M,f). Now the lemma follows from Fourier theory (or spectral theory). □ 

Lemma 3.5 Let n R"^ be open, 9 G [0,f), /i, M > 0, z/ G (0,1), e G (0,1] and 
X G C^{M!^) with X 7^ and (i(suppx, ^'^) > 0. Then there exists an a > such that 

WdmM^StWi^^ < at-'^/H-^/^ e'' and 
for all C G S^{n, 9, /i, M, real), t > 0, m G {1, . . . , rf} and h e W^. 

Proof We only prove the second estimate, the proof of the first one is similar. We argue 
as in the proof of Lemma (3.21 and use the commutator (1121) . There exists a x ^ C^(R'^) 
such that x{^) = 1 fo^^ ^ ^ suppx and (i(suppx, ^'^) > 0. Now we have 



(/ - L{h))dm (^M^2 St - St 

d pt 

= -J2 {I -L{h))dmM^SsM9^^diM,^^M^St.sds + R, 



(14) 



where R is the contribution of the second and third term in (ITT!) , which do not have a 
derivative. Note that the last term in (fTTl) vanishes since p = 0. Again we split the integral 
in two parts. Fix fc, / G {1, . . . , c?}. Then 

t 

(/ - L{h))dra Ss Ma^^di M,^^ Sts ds 

t/2 



1— >oo 



< / -L{h))dmM^SsM9^^di\\i^^\\M,^,M^St-s\\i^ids 

Jt/2 



't/2 



for a suitable a > 0, by the estimates of Theorem 12.31 and Lemma [3. II 
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For the integral over (0, |) we use Lemma [231 and write 

t/2 







(/ - L{h))dm Ss Ma^^di Mg,, Sts ds 

r.t/2 I'OO 



1— >oo 



Cg sup 

n,DeVKi'2(R'')nLi(R'*) 



^0 



{{I-L{rei))M~cuM^St.sU. 



Il"lll.ll''l|l<l 

(/ - L{-rei))M9^^S:M^dm{I - L{-h))v) — ds 

rt/2 POO 

<Co' sup / / ||(/-L(reO)M£,,M5j^t_,M|U • 

u,i;eVKi'2(R'*)nLi(R'*) "'0 Jo 
ll«lli.ll'"lli<i 

||(/ - L{-rei))M9,^S:M^dUl - L{-h))v\U ^ ds, 

where Cq is as in Lemma 13.41 Next spht the integral over (0, oo) in two parts: (0, 1] and 
[1, oo). There exist z/i, z/2 G (0, 1) such that 1^2 + i' < 1 and Ui + 1^2 > 1. By Theorem 12.31 
and Lemma [3.31 there exists an a > such that 



' e^* and 



d/2 








d/2 




1/2 


f\hi\ 






1/2 






\ .rs 



for all s > and hi, h2 G R'^. Let u,v e W^^'^iB.'^) n Li(R'^). Then 

f . „ dr 



/ / ||(/ - L{rei))M,^^ M^St-su\U\{I - L{-rei))Me,^SlM^d^{I - L{-h))v\\i ^ ds 
Jo Jo ^ 



<,,,-M^^-./2^-i/2 f\h\y 



e^^* \\u\\i llf 111 



for a suitable a' > 0. Similarly, since left translations are isometries, one deduces 

/ / ||(/ - L{rei))M^,, M^St-su\U{I - L{-re{))M8,xS:M^d^{I - L{-h))vh - ds 
Jo Ji ' 



I .^-dn ^eit-s) ^-112 ( \^^\\ ,..||^||^||^||^^^, 
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^1/2 I \JA_ \ ^et\ 



at ' I ' \ —j^ I e ||M||i ||f 111 



\h\ 



<a"e-H-'^'H-^'^ (^1 e'^'WuhWvh 

for a suitable a" > 0. As before, the contribution of the term R in f|T^ can be estimated 
similarly and we leave the rest of the proof to the reader. □ 

We next replace £^ 6, fi, M, real) by {fl, 9, fj,, M, real) in Lemma 13.51 

Lemma 3.6 Let Q <^ R'^ be open, 9 e [0, f ), fi,M > 0, u e (0,1), e G (0,1] and 
X G C{f (R*^) with X 7^ and (i(suppx, ^'^) > 0. There there exists an a > such that 



\dmM^St\\i-,oo < at-'^'^ t-^'^ e'' and 

\h\ 

.71 



II (/ - L{h))d^ M^Sth^^ < a r t-'/' 



for all C G iS^(fi, 9, /i, M, real), t > 0, m G {1, . . . , rf} and h G R"^. In particular, M^StU G 
^^i+u,oo^^d^ /or allt>0 and u G Li(R'^). 

Proof By Lemma [3.51 there exists an a > such that 

lia^M^^tlli^oo < at-'^/H-'/^e'' (15) 

for all C G S\Q,9,n,M + 1, real), t > and m G {1, . . . , d}. Fix C G S\Q,9, fi, M,Tesil). 
For all n G IN define C^") = C + i J. Let t > 0, m G {1, . . . , and u, w G C^°°(R'^). Then 
it follows from (|T5|) that 

I (M^ " M, 9„t;) I < a t-'''^ t-^'^ e^* Ikll i ll^^ll i 

for all n G IN. Since limS'^'"*"' = strongly in L2(R'^) by |AEj Corollary 3.9 it follows 
that 

\{M^Sfu,d^v)\ <at-'^/2^-^/2e"*||M||i||i;||i (16) 

for all u,v e C^(R'^). By continuity it then follows that ffT6|) is vahd for all u G Li(R'^) 
and V G C^iR'^). This implies that M^Sfu G W^^°°{R'^) and the first estimate of the 
lemma is valid. The second one follows similarly. □ 

It follows from Lemma 13.31 that for each t > there exists a measurable function 
L^: R*^ X R'^ — > R such that Lt is a kernel of St and Lt satisfies Gaussian bounds. But 
then it is unclear whether x Lt{x,y) is Holder continuous or differentiable for some 
y G R*^. Even worse, there is no reason that the combined map (t,x,y) i— )■ Lt{x,y) from 
(0, oo) X R"' X R*^ into R is measurable. In order to circumvent this measurability problem 
with the uncountable many null sets, we first obtain a measurable map on (0, oo) x R^ x R'^ 
for the kernels of St and its derivatives dm St and then consider continuity and 
differential properties in Theorem 13.91 
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Proposition 3.7 Let n R'^ be open, 6 e [0, f ), fi, M > and x ^ C^(R'^) with 
X ^ 0, e > and (i(supp x, ^'^) > 0. There there exist a,b > such that for all C G 
5^(f2, 6^, /i, M, real) andmE {l,...,d} there exist measurable functions (t,x,y) Kt{x,y) 
and {t,x,y) i— )■ Kj:™'\x,y) from (0, oo) x x R'^ into R such that Kt is a kernel of the 
operator St and K^"^^ is a kernel of the operator dm St for all t > 0. Moreover, 

\Ktix,y)\<at-'^/^e''e-^ ^ and 

\Kl"'\x,y)\<at-''/H-'/'e''e-''-^ 
for allt > and {x, y) e R'^ x R^. 

Proof Let a, u be as in Lemma [33] (with u = i). Let C e S^{Q,e, fi, M,Teal). Then 
M^St is a continuous operator from L2(R'^) into Loo(R'^) for all t > by Lemma 12.51 
Moreover, 2; H- 5"^ is a holomorphic contraction semigroup on . Hence M-^ Sz maps 
L2(R'^) continuously into Loo(R'^) for all 2; G and z M^SzU is holomorphic for all 
u G L2{R'^). It follows from the discussion after Definition 1.8 in |AB] and |ABj Theorem 3.1 
that there exists a measurable function {z,x,y) h-^ Kz{x,y) from x R'^ x R'^' into C 
such that z Kz{x,y) is holomorphic for all x,y & R"^ and is the kernel of M^Sz 
for all 2 G . In particular, Kt is a kernel of St for all t > 0. By the usual 
minimising argument the estimates of Lemma 13.31 give Gaussian bounds for the kernel 
Kt for each t > 0. Precisely, for each t > one has \Kt\ < Gt a.e. on R'^ X R'^, where 

Gt{x,y) = at""^/^ e"^* « for all t > and x,y E R"', where b depends only on u 
and d. Obviously {t, x, y) t-)- Gt{x, y) is a continuous function from (0, 00) x R"' x R"' into 
R, therefore it is measurable. Then {—Gt) V KtAGt is also a kernel of St for each t > 0. 
Now the proposition follows for St with Kt replaced by {—Gt) \/ Kt AGt- 

The argument for dm St is similar. □ 

The next lemma is also valid for complex coefficients. The complex version will be used 
in the proof of Proposition 14.111 

Lemma 3.8 Let Q <^ R"^ be open, 9 G [0,f), n,M > 0, C e S\Q,e,fi,M) and x e 
C^{R'^) withx^ arw^ rf(suppx,^^') > 0. Let x e C^{R'^) be such that d{suppx,^^) > 
and x{x) = 1 for all x G suppx- Then 

MlSt = M^StM^ -J^ M^Ss Mq^^ di M,^^ Sts ds (17) 

d „t 

+ E / M^Ss(Ma^t,,Ma^^St-s-M,^^Ma^9^^St-)ds 
for all t > 0, where the operators act in L2(R'^). 

Proof It follows from Lemma I2.]|(d) that the integrals on the right hand side of (ITTl) are 
convergent. 

If C G S\Vt, 9, /i, M) then (^7^ follows from For all n G IN let C„ = C+^I. Then 
Gn G S\n, ^, /i, M + 1). We use with respect to C^"). Write S = S^ and = S^". 
It follows from Lemma [2.1|(d) that there exist a,ci; > such that 
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for all s > and n G IN. Obviously ||S'i"-' ||2^2 < 1 for all s > and n G IN. 

Let u,v e L2(R'^). Then lim^^^ S^s"^ u = SsU in L2(R^) for all s G (0,t] by jXE] 
Corollary 3.9. Note that S^u G ^^^'^(R'^) for all s > 0. Let A;, / G {1, . . . , d}. Then 

+ \{M,,, {Stlu - St^su), di Ma,^ M^v)\ 
+ m M,,, S,.su, Ma,^ {Si^^* M^v - S:M^v))\ 
for all s G (0, t) and n G IN. So 

hm (M^ Ma^^ di stlu, v) = (M^ Ma,^ di M^,, v) 

n— >oo <- kl 

for all s G (0,t). Moreover, 

|(M, ^(") Ma,, di M^^^^ stlu, v)\ < a ."^/^ \\vh 
for all s G (0,t) and n G IN. So 

lim / [M^St^Ma.^diM-^^ M^st\u,v)ds= !\m^S, Ma.^di M,^^M^St^sU,v) ds 

by the Lebesgue dominated convergence theorem. 

One can treat similarly the last term on the right hand side of f|T7j) and the lemma 
follows. □ 

The next theorem is a uniform version of Theorem IL2[ 

Theorem 3.9 Let Q ^ R'^ be open, 6 G [0,f), fi,M > 0, u e (0,1), k > 0, r G [0,1), 
e G (0, 1] and x ^ C^(R'^) with x 7^ and d{supp Xi ^'^) > 0- Then there exist a,b > such 
that for all C G 6^, /i, M, real) there exists a measurable function (t,x,y) i— )■ Kt{x,y) 

from (0, oo) x R'^ x R"' into R such that the following is valid. 

(a) For all t > the function Kt is a kernel of St- 

(b) For allt > and ?/ G R*^ the function x y-^ Kt{x,y) is continuously differentiable on 

(c) The function t {d"Kt){x, y) is continuous for all x, ?/ G R*^ and multi-index a with 
\a\ < 1. 

(d) For every multi-index a with |a| < 1 one has 

\{d^Kt){x,y)\ < at-'^/^^-l'l/'e^^e"''^ (18) 

and 

I {d: K,) {X + h,y)- (O: K,) (X, y) \ < a t'^l^ t-\-\l- ' e^* e'' ^ 

for all t > and x,y,h E R'^ with \h\ < t \x — y\ -\- k \/t. 
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(e) {d"" M^Stu){x) = [ {dP^Kt){x,y)u{y)dy for all t > 0, u e Li(R'^), x G R"^ and 

J-Rd 

multi-index a with \a\ < 1. 

Proof Without loss of generality we may prove the proposition with St replaced by 
M^St- We consider each of the operators in the terms on the right hand side of f|T7|) . It 
is possible to differentiate all terms in f lT7|) at least once in L2-sense. Let a be a multi- 
index with |a| < 1. Clearly 9" M^SfM^ has a kernel satisfying the stated requirements by 
Theorem 12.31 Let k,l E {I, . . . , d}. For alH > consider the operator 

/ d'' M^SsMa,^diM,^^M^St-sds. (19) 
Jo 

By Theorem 12.31 there exist a continuous function {t,x,y) h- )■ L[^'°'\x,y) from (0, oo) x 
R*^ X R'' into R and suitable constants ai, 6i > such that for alH > the function L^^'"^ 
is a kernel of the operator St Mqj^^, 

l4''°^(x,y)| <air^/2rH/2e^*e-''^^ and 

14^-) (x + h,y)- lS^-) (x, y) I < a, t-'" r ' e^* e'^^ ^ 

for all t > and x,y,h G R'^ with \h\ < ||x — y\ + y/i. Next, by Proposition 13.71 there 
exist a measurable function (t, x, y) t— )■ l[^\x, y) from (0, oo) x R*^ x R'^ into R and suitable 
constants 02,62 > such that for all t > the function is a kernel of the operator 
di Mc^j St and 

\Lf\x,y)\ < aar^/^r^/^e^^e-^^^ 

for alH > and x, y G R*^. Define the function (t, x, y) Lf'°'\x, y) from (0, 00) x R'^ x R'^ 
into R by 

Lf'°)(x,y)= f f L^^'-\x,z)L^i},{z,y)dzds. 

Jo JRd 

Since the convolution of two Gaussians is a Gaussian, it follows that the integral is con- 
vergent and L^^'"^ has appropriate Gaussian bounds. Moreover, (t, x, y) 

,y) is 

measurable and is a kernel of the operator f|T9l) for all t > 0. Define = L^^^^'^ if 

\(3\ = 0. It is an elementary exercise in integration theory to prove that x L[^'°'\x,y) is 
continuous for all t > and y G R'^, that t i— )■ Lp'"^(x,?/) is continuous for all x, y G R'^ 
and that for all t > and ?/ G R'^ the function x 1— (x, y) is differentiable and 
(a°Lf^)(x,i/) = Lp'"^(x,y) for all x G R^. 



The last term in f[T7j) can be treated in a similar way and Statements (a) - (c) and the 



first part of Statement (d) follow. Let K be the so obtained kernel. 

Next, let t > and u G Li(R'^). Since {x,y) ^^ {d^Kt){x,y) is a kernel of M^St 
it follows that (9" S'tw) (x) = J-^a{d^Kt){x,y) u{y) dy for a.e. x G R''. Hence this is 
valid for all x G R'^ since d°' StU is continuous by Lemmas 13.31 and 13.61 This proves 
Statement 



Finally we the Holder Gaussian bounds of Statement (d) Set z/ = ^(1 + z/). By 
Lemma ES] there exists an oi > 0, depending only on Q, 9, /i, M, z/, e and x, such that 

- m)d^M^Sth^oo < a,t-'/'t-'/' e^* 
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for all t > 0, m G {1, . . . , d} and h G R'^. Let x,h e M!^, t > and m G {1, . . . , d}. Then 



it follows from Statement (e) that 



{dx,mKt){x,y) - {dx^rnKt){x - h,y))u{y) dy 



{I -L{h))dmM^Stu){x) 
h 



for all u G Li(R'^). Hence there exists a null set Nx,h,t,m C R*^ such that 

\id,,^Kt)ix,y) - id,,,rnKt)ix - h,y)\ < a^t-'^/H-'/' (^^^ e^* (20) 
for all y G R'^ \ N,^h,t,m- Then 

d 

N= [j U IJiV.to 

x.heQ'* te(0,oo)nQ rn=l 

is a null set in R'^ and (EO]) is valid for all y e R'^ \ N, x,h e Q'^, t e (0, oo) n Q and 



m G {1, . . . , c?}. Then by density and continuity (Statements (b) and (c) ) one deduces that 
([20D is valid for all ?/ G R'^ \ A^, x, G R'^, t > and m G {1, . . . , d}. 

Let a, b be as in ( !T8|) . Then it follows as in the proof of Step [7] of Lemma [A. II that there 
are 02, &2 > 0, depending only on a, b, Oi, k, r, e, z/ and z/, such that 



I {d,,m Kt){x,y)- (9,,„ i^O - I < «2 1-"/' r 





h 




|x - y\ 


+ 



for all ?/ G R'' \ iV, X, /i G R"*, t > and m G {1, . . . , rf} with \h\ < t\x - y\ + Ky/i. 
Now the theorem follows by replacing {t,x,y) 1— )■ Kt{x,y) by the function {t,x,y) i-> 
^t(a;,l/)lRd\7v(z/)- ° 

Corollary 3.10 Let n ^ R'^ be open, 9 G [0, f), fx, M > and x e C{^(R^) wi/i x 7^ 
anc? rf(supp X, J^') > 0. T/ien t/iere exzsfo a c> such that {I+A)~^ Lp{R'^) C W^1'P(R'^) 
and 

lia^M^nllp < c||(J + 
for all C G 5^(fi, M, real), p G [1, 00], u G -D(v4) and m G {1, . . . , d}. 

Proof The Gaussian bounds of Theorem 13.91 imply bounds \\dm St\\p^p < ct^^^'^ e*/^. 
Then the corollary follows by a Laplace transform. □ 



4 Riesz transforms 

In this section we shall prove that various Riesz transforms like dkM^{I + A)~^/^ and 
dk M^{I + A)~^^'^ are bounded on L2 or Lp. The first results on L2 for the Riesz 
transform merely use that x ^ W^'^^lM!^). 
lir] e iyi'°°(R'^), then 

Reacivu) < 2||r7||oo Re ac(M) + 2M || Vr^H^ \\u\\l 
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for all u e W^i'2(R'^), e [0, f ), M > and C e S{e,M). Therefore for self-adjoint 
operators the boundedness of the Riesz transforms on L2(R'^) is trivial. Throughout this 
section let L = — Yl'k=i ^1 be the Laplacian and let H = Asjic- 
The first lemma is a variation of Lemma I2.]| ( c)l 



Lemma 4.1 Let 9 E [0, f ), fx,M > 0, x ^ ^^^''^(E'^) and C E 5(supp x, ^, /i, M). Then 
M^D{H^'^) C W^'^i'K'^) and 

\\dkM^u\\2 < + Lfl^ M^uh < ci \\{I + Hf'M\2 
for all u E D^H^^"^) and k E {I, . . . , d}, where 

ci= (||x||L + 2^ + 2||Vx||L)'^'. 
Proof We only have to prove the last estimate. It follows from Lemma [2. ]|(c)| that 



d 

II (J + M^wll^ = ||M^«||2 + ^ ||9, M^uWl 

k=l 

d 

< Ml hWl + 2 J2 - M9,^)u\\l + 2 \\Ma,^u 



k=l k=l 



< WxWl Ml + 2^ WH'^Ml + 2||(Vx)«||^ 



2 
12 

as required. □ 



<ciUl + HY/'u\\' 



Lemma 4.2 Let 9 E [0, f), /x, M > 0, 7 G (0, 1) and x e W^'°°(R'^). Then there exists a 
C2 > such that M^D{A^/'^) C D{L^I'^) and 

\\{i+Lr/'M^uh<c,\\{i+AriM\2 

for all C E 5(supp x, 9, fx, M) and u E D{{I + A)^/^) . 

Proof Let ci be as in Lemma 14. 1[ Then is continuous from + if)^/^) into 

D{{I + Ly/'^) with norm bounded by Ci. Then by interpolation, Proposition G together 
with Theorem G in [XDM] . it follows that M^D{{I + H^/'^) C D{{I + L)^/^) and 

\\{i + Ly/'M^uh<c[\\ii + Hy/\h 

for all u E D{{I + L) ^/^), w here c[ = cj ||xllJ^^- But D{{I + H^/^) = D{{I + A)^/^) with 
equivalent norms by |Katl] Theorem 3.1. Explicitly, 

ll(/ + Hy/'uh < , }^^, W + Ari\h 

1 — xan 

for all u E D{{I + A)"'/'^). Then the lemma follows. □ 
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Lemma 4.3 Let 9 E [0, f), /i,M > 0, x e ^^^•"^(R'^) and C G ^(supp x, ^, /i, M). T/ien 

||(/ + Hf'^M^uh < m + + ^)«ll2 + II Vxlloo Iklh 

/or all uE D{A). 

Proof The proof is a variation of the proof of Lemma 1 in |Kat2j . If m G D{A) then 
||(/ + i7)^/2M^M||^ = Rea(M^u) + ||M^?i||^ 

= Re a{u, M^u) - Re ^(c^ dkix u), (<9/x) u) 

+ Re^(cH {dkx)u,{dix) m) + Re^(cfc, (dkx) u,di{xu)) + ||M 
But 

Rea{u,M^u) + \\M^u\\l = Re{Au,M^u) + \\M^u\\l 

= Re((/ + HY^/'^M^ (/ + A)u, (/ + Hf/'^M^u) 

< ||(J + H)-'/^M^ (/ + A)^i||2 ||(/ + HY^^M^uh 

< i II (/ + Hy/'M^u\\l + II (/ + Hr'/'M^ (/ + A)«||^ 

and 

- Re ^(cfci u), (dix) u) + Re ^(c^ m) + Re ^(c^ ((9fcx) di{x u)) 

<2iRea{M^u)Y/^(^ReJ2 j {d^x) {da) I^py^' + Rej^ j cu [d^x) ipiX) H 

< 2(Re a{M^u)Y/' M^'^ \\Vx\U M2 + M \\Vx\\U\n\\l 
<m + Hfl'M^u\\l + hM\\Vx\\l\\u\\l 
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So 



I 00 II II 2 



II (/ + Hf'^M^uWl < 2|| (/ + H)-^'''M^ (J + A)u\\l + lOM || Vx||; 
and the lemma follows. □ 

The next lemma is well known, but we need uniform constants. 

Lemma 4.4 Let < 7 < z/ < 1 and r/ G C°'''(R<^) n L^{B!^). Let u E D{L"'/^). Then 
MrjUE D{L^/^) and 

||(/ + Lr/2M,n||2<C4(h|UV|||r^||bo,.)||(/ + Lr/^n||2, 

where C4 = 1 + 2^+^ r(^^) and = J^^ r^-^ (1 - e"*) dt. 

Proof Let T be the semigroup generated by —L and for all t > let Gt be the kernel of 
Tf Hue L2{R'^) and t > then 



{[Tt, M^]u){x) = I Gtiy)(r]{x-y)-T]{x))u{x-y)dy 
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for all X eR'^. But 

Gtiy) Ux-y)~vix)) < 2MGt{y) Ivl" < 2'+'M f"/' GM 



for all x,ye where M = \\r]\\^ V 1 1 |r/| | |co... Therefore || [T^, M^]m||2 < \\u\\2. 
Next, 



{I + Ly/^ = - / r^-2{I -e''Tt)dt. 
So for all u e (R°') one obtains 

1 r°° 

[{I + Ly/\M^]u = / r^-i e-'[Tt,M^]udt. 

C7 Jo 



Therefore 



II [(/ + M,]uh < r t-^-^^ e-* dt\\uh= ^'^'^^(V) ii^ii^ 



•^7^0 '^7 

and 

II (/ + ly/^ M^uh < C4 II (/ + Ly/\h- 

Then by density the lemma follows. □ 

Lemma 4.5 Let 9 E [0,f), /i,M > 0, z/ G (0,1) and x e W^'^^iR"^). Set 7 = f . T/ien 
t/iere exists a C5 > such that MlD{L^^+^^/^) C D{A^'^+^'>/^) and 

II (/ + M^^lh < C5 II (/ + L)(i+^)/2^||2 

/or all C G £^(supp x, 0, /i, M) an(i m G D^L^^+^^I"^) . 

Proof The proof is a variation of the proof in jERl] . Let m G D{L^^+^^^^) C Vr^'2(R'^) 
and v G ^(/l*) C l^i'2(R'^). Then 

(M2m,(/ + A*)(i+^)/\) 

= {M^u, (J + + 

= Y^i^ki dku, di (/ + A*)-^^-^^'^v) (21) 

- Y,{cki dkU, {di x) (/ + A*)-(i-^)/2^) 
+ 2 J^i^ki (dkX) u, di (/ + A*)-(i-^)/2^) 

- 2 Y,{cki {dkX) (5^ X) (/ + A*)-^'-^)l^v) 
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Fix k,le {l,...,d}. Then X CM G C^'" {R'') H L^iR"") and 1 1 |x Cfci| I lco,^(R'') < 2M\\x\\w^,^- 
So 



= !((/ + ly/^ M^e« dku, (/ + ^ ^* 



'(l-7)/2 



V 



< II (J + ly/' M,,,^ a,n|h II (/ + L)-^/' (/ + AT^'-^^^\\2. 



If C4 is as in Lemma \AA\ then 

II (/ + Lf'^ M^e,, dkuh < 2c4 M llxiki.oo II (J + Lf/^ dMh 

<2c,M llxiki.oo ||(/ + L)(i+^)/2«||2. 

Alternatively, 

II (/ + 9j M;, (/ + A*)-^^-^'^/^v\\2 < ||(/ + (J ^ ^*)-(i-7)/2^||2. 

By Lemma [4.21 there exists a C2 > 0, depending only on 6, fi, M, v and x, such that 

||(J + ^)(l-7)/2 ^^^11^ < c^lKJ + A*)(l-^)/2^||2 

for all w G £>((/ + Hence 

II (/ + L)-^/2 dl (/ + A*)-(l-^)/2^||2 < C2 II (/ + ^ ^*^-(l-^)/2^||^ ^ ||.^||^_ 

The other four terms in fl2Tl) can be estimated similarly. 

Combining the contributions, it follows that there exists a c > 0, depending only on 6*, 
/i, M, 1/ and such that 

|(M2M,(/ + A*)(i+^)/2t;)| <c||(/ + L)(i+^)/2n||2 ||i;||2 

for all V G Since is a core for (/ + A*)^^^'^)/^ one deduces that M\u G 

/}(^(i+7)/2) and 

II (/ + Af^^^l-" Mluh < c II (/ + L)(i+^)/2«||2 
as required. □ 

Now we are able to prove a uniform version of Theorem ll.t^(c)[ 

Theorem 4.6 Let Q G [0, \), fi,M > 0, u e (0, 1) and x G M/^'°°(R'^). Then there exists 
aoO such that M^u G ^^^'^(R^) and 

\\dkM^uh<c\\iI + Ay/\h 

for allC eS''{suppx,d,fx,M), u e D{A'^/^) and k e {l,...,d}. 

Proof First suppose that C G S^lQjO, fi, M). Let C5 > be as in Lemma |4.5[ Then 
by interpolation. Proposition G together with Theorem G in |ADMj . one establishes that 
M^D{{I + Lfl^) C D{{I + Afl^) and 

\\{I + Af'^Mluh<(^,W + Lf'^A2 
26 



for all u G W^'^iR"^) = D{L^/^), where 4 = €5+^ ||x||c^+^ Hence if ci > is as in LemmaE] 
then 

II (/ + Mj m||2 < 4 II (/ + L) w||2 < ci 4 II (/ + if) V2«||2. 

So 

and then by duality 

II (/ + H)-'/' Ml (/ + A*)i/2||2^2 < ci 4. (22) 

Since S'^{Q,6, fi, M) is invariant under taking adjoints, one may replace A* by A in fl22|) . 
Then Lemma 14.31 gives 

11(7 + ny/^ M^uh < 2||(/ + H)-'/^ Ml (/ + A)uh + ||m||2 

<2Ci4||(/ + A)1/2^||2 + C6||m||2 
<(2Ci4 + C6) ||(/ + A)V2^||2 

for all u e D{A), where ce = 4M ||V(x^)||oo- Therefore 

||5, Mluh < /i"'/' II (/ + Hf' Mluh < f^^'^' (2ci 4 + ce) || (/ + Ay/^,. 

This extends to all u E D(A^^'^) by density. It follows that 

ml (/ + A)-'/\, dkv)\ < fi-'/^ (2ci 4 + ce) ||^i||2 llt^lh (23) 

for all u e L2(R'^), f G ^^^•^(R'^), A; G {1, . . . , c/} and C e ^'^(supp x, 0, fx, M). By approx- 
imating C by C + - / it follows as before that extends to all C G 5''(supp x, 6*, /i, M) 
and the theorem follows. □ 

The theorem has many corollaries. 

Corollary 4.7 Let Vt ^ B!^ he open, 9 G [0, f ), fi,M > 0, u e (0,1), p G (l,oo) and 
X G C^(R'^) w^/i X 7^ and (i(suppx, ^'^) > 0. Then there exists a c> such that 

\\VM^{I + A)-'/^Mjp^^<c 

for allC eS^{n,e,ix,M). 

Proof For all t > let Kt be the continuous kernel of the operator M^StM^. Fix 
m G {1, . . . ,d}. By Theorem 12.31 there are a > and b G (0, 1) such that 

\id.,n.mx,y)\ < at-'^/H-'/'e'/'e-'^ 

and 

I (a.,„ K,) {x + h,y + k)- (a.,„ K,) (x, y) \ < a t-'/' t'l^l/^ (^^^) ^ 

for all t > and x,y,h,k G R'^ with |/;,| + |/c| < | |a; — y\- For all x,y E R"^ with x ^ y 
define 

L(x, y) = ^ / g-t (^d^^^Kt) {x, y) dt. 

V^r Jo 
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Then 

{dmM^{I + A)-^'^M^u){x)= [ L{x,y)u{y)dy 

for all u G L2(R'^) and x G R"^ \ suppw. Moreover, for all x,y,h & R.^ with \h\ < — y\ 
one has 

iL(x+/.,,)-L(x,,)i<-^^°°t-/^t- (^ye-^dt=c(| y ' 

where c = ^ t~^~^ dt. Similarly, 

\L{x,y + k) - L{x,y)\ < c 



x-y\J \x-y\' 



\h\ 

x-y\J \x-y\ 



d 



for all x,y,k G M!^ with |/c| < ^ |x — ?/|. In addition 



2 

a 1 



\L{x,y)\<—=- -7 / t 2 e t dt 

y/TT \x - y\'^ Jq 



for all x,y G R*^ with x ^ y. Therefore dm (J + A) is a Calderon-Zygmund 

operator. Since it is bounded on L2(R'^) by Theorem 14.61 it is also bounded in LpiW^) for 
all p G (1, oo) by Theorem L in [ADMj . or ^te\. □ 

Corollary 4.8 Let Q <^ R"^ be open, 9 G [0,f), n,M > 0, u e (0,1), p G (l,oo), k,l G 
{1, . . . ,d} and x ^ C{f (R'^) wi/i X 7^ anc? (i(supp x, ^'^) > 0. T/ien there exists a c > 
such that 

\\dkM^{I + A)-'M^di\\p^p<c 

for allC e S''{n,e,fi,M). 

Proof Note that in L2 the operator dk (/ + A)~^/'^ is bounded by Theorem 14. 6[ So 
by duality the theorem follows for p = 2. Then the rest of the proof is similar to the proof 
of Corollary 1121 □ 

Corollary 4.9 Let Q^R'^ be open, 9 E [0, fi, M > 0, p E (1, 00), m E {1, . . . ,d} and 

X G C^(R'^) with X 7^ and d{supp x, Q'^) > 0. Then there exists a c> such that 

\\dmM^{I + A)-'/^\\p^p<c 

for all C E S\n,e,fi,M,Teal). 

Proof It suffices to prove the corollary with replaced by M^. We use again a 
commutator. It follows from Lemma [3.81 that on L2(R'^) one has 

dm Ml (J + AY^'^ - dm (/ + 
1 f°° 

= / t-^/^e-'dmM^[M^,St]dt 
Jo 

= — / / t-'/^e-'dmM^SsMa^^diM.^^M^St-sdsdt + R, 
^kT^Jo Jo 
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where R is the contribution of the last term in (fT71) and x ^ C^(R'^) is such that 
(i(supp X, > and x{^) = 1 for all x G supp x- Using the Gaussian bounds of Theo- 
rem 13.91 it follows that there exists a c > such that 

II 9^ St Ma^Jp^p < cr^^^ e*/2 and 
for all k, I & {1, ... ,d} and t > 0. Then 

r>00 /"t 



poo pt 

/ / r^'^ e-' dmM^SsMa,^diM^^^M^St-sdsdt 
Jo Jo 



p-^p 



Jo io 
= 71 \/2n. 

The contribution of R can be estimated similarly and the current corollary follows from 
Corollary 1121 □ 
We end with two propositions on second-order Riesz transforms. 

Proposition 4.10 Let Q ^ R'^ be open, 9 e [0, f), fi,M > 0, p e (l,oo), m,n e 
{l,...,d} and x ^ C^(Ii^) with x 7^ and (i(supp x, ^2"^) > 0. Then there exists a 
c> such that (J + Ay^Lp{R'^) C W^'PiR'^) and 

for all C e S\n,e,n,M,Tea\). 

Proof First let C G £'H^{Q,9, fx, M,Teal). Let F = suppx and define Xi)X2 as in 
and ([5]). Let M' = 2||x2||H^i,°°(Rd) M + ||xll vi/i.°°(R'*) + 1 and C = X2C + xi Then 
C G Sn\R'^,e,fi A 1,M'). By jEte] Proposition 5.1 there exists a suitable c > such 
that (J + A')-^Lp{R^) C W^'PiR'^) and 

\\dmdnU\\p^p < C||(/ + A')m||p 

for all u G ^^^'^(R'^), where A' = Ac. Then 

||9„9„M^u||p^p < c||(/ + A')M^m||p = c||(/ + A)MxM||p. 

But 

d 

[I + A) M^u = M^{I + A)u-J2 {(^ix) Cm dkU + di cu {dkX)v) ■ 

k,l=l 

Hence it follows from Corollary 13.101 that there exists a suitable c' > such that 

\\dmdnM^u\\p^p < d ||(/ + A)u||p 

for all u G W'^'P{R^^ = D{A). Then the proposition follows by approximation. □ 

On L2 the same argument works for operators with complex coefficients. 

Proposition 4.11 Let Q R'^ be open, 6 G [0,f), fi,M > 0, p e (l,oo), m,n e 
{l,...,d} and x ^ C^iR!^) with x 7^ ^"i^d (i(supp x, ^"^) > 0. Then there exists a 
such that (/ + A)-^L2iR'^) C W^''^{R'^) and 

\\dmd„M^{I + Ay'\\2^2<c 

for all C G S^{yt,9,^i,M). 
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A Gaussian bounds 



The main aim of this appendix is to transfer weighted semigroup bounds into Gaussian 
kernel bounds, with optimal large time behaviour and optimal control of the constant in the 
Gaussian, including the Holder bounds. Throughout this appendix we write = C°'''(R'^) 
for all u G (0,1). 

Lemma A.l Let N,N* G INq and z/, z/* G (0,1). Let S be a Co-semigroup on L2(R'^) 
andTi,T2 G £(L2(R^)) such that Ti StiC^iM!^)) C W^+'''°^{R'^) and T* S;{C^{R'^)) C 
W^'+^*'°^iR'^) for allt>0. Assume that [Ti, Up] = [T2, Up] = for all p e R and ipeVi. 
Let ao,ai,coi,co > and suppose that 

\\UpStU-p\\2^2<aoe''''"' 

for all t > 0, p eR and ip eVi. Moreover, suppose that 

I Wd" Up Ti St U^pulWc^ < ai t-^/^ t-l'^l/^ t^"^^ e-i(i+p^)* \\uh^ 



\\\df^Up T; S; U.pu\\\c.' < ai r^/^ t- 1^1/2 1 



-d/4. .-1/31/2 .-u*/2 ^a;i(l+p2)i 



\U\\2 



for all t > 0, p E R, E 'r'|Q|v|/3|vi; u G C^iR'^) and multi-indices a, (3 with \a\ < N and 
1^1 < A^*. LetoO be such that 

sup{^(x) - i){y) : V e Vn'^n*vi} > c\x - y\ (24) 

for all x,y E R'^ and set b = 

Then for all t > the operator Ti StT2 has a continuous kernel Kt which is Ni-times 
differentiable in the first variable and N2-times in the second one, in any order. Moreover, 
there exists an a > 0, depending only on a^, ai, u, Ui, N, N* , u, u* , \\Ti\\ and \\T2\\ such 
that 

I 12 d+\ci\ + \l3\ „ 

\{d:d^^mx,y)\<at^'^[l + t+\^) ' (25) 

for all x,y E R"^, t > and multi-indices a,P with \a\ < N and < A^*. 
Finally, let 7,7* G (0, 1), k > 0, r G [0, 1), 

0<6i<6(l-r) 



c + 2r 



and a, (3 multi-indices with \a\ < N, \/3\ < N* , |a;| + 7 < + z/ and +7* < A^* + z/*. 
Then there exists an a > 0, depending only on oq, ai, bi, N, N* , v, v* , 7, 7*, t, ||Ti|| 
and IIT2II such that 

m d^yKt){x + h,y + k)- {d: d^^Kt){x, y)\ (26) 
<at —{1 + t) -2 II ) + ' ' e-^^ — 

for all X, y,h,k E R'^ and t > with \h\ -\- \k\ < k \ft + r |x — y| . 

In the proof of Lemma [A. II we need some estimates which are of independent interest. 
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Lemma A. 2 Let v e (0, 1). 

(a) If u E n L2 then u G L^o and 



\uU<^^e''\\\u\\\c^ + \B{l)\-^l^s-'/^\\u\ 



for all e G (0, 1]. 
(b) Ifke{l,...,d}andue W^+'''°°{R'^) then 



— l+u 



for all e G (0, 1]. 

(c) Ifue W^'^^iW^), then 

for all-ie (0,1). 

(d) IfQ<^< V, then 

for all u e C n Loo. 



<2||VM||illM||irT 



00 II II 00 



l^^lllc"^ < 2 lll^^lllc'- Iklloo 



Proof Let x e R'^ and h G B{e). Then \u{x)\ < \u{x) - u{x + h)\ + \u{x + h)\ < 
l^r lll'^lllc'^ + + Integration over h gives 



e''\B{l)\\u{x)\<\\\u\\\c^ \h\''dh+ \u{x + h)\dh 



<\\\u\\\c^d\B (1)1 / p''p''-'dp+\Bie)\'^'\\u\\2 
Jo 



d 



d + i^ 



|fi(l)|£^+'^+ |fi(l)|l/2^^/2 ll^ll^ 



from which Statement (a) follows 



For Statement (b) note that 



u{x + e Ck) - u{x) = / {dku){x + tek) dt 

Jo 



e{dku){x) + J {{dku){x + tek) - idku){x)) dt. 



So 



I {dku) (x) I < ^ u{x + eek) - u{x) 



+ 



(ydku) {x + tck) - (dku) (x) 



dt 



<£-(i-^)|||m|||c^ + - rt-'WidkuWic^dt 
^ Jo 
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for all a; e R"*. 

The proof of Statements (c) and (d) is easy. □ 

Proof of Lemma I A. 11 We follow arguments as in |ER3] . |ER4] and |0uh2] . Set A^o = 

V A^* V 1. 

Step 1 Since Ti and T2 commute with Up one has estimates 

and similarly for T2. It then follows from the first two statements of Lemma IA.2I with 
e = tV2 g-t that 

for all t > 0, p G R, -i/^ G Vnq, u G C^(R'^) and multi-indices a, /3 with |a| < and 
< N*, where 02 = 4ai + 2|5(1)|-V2 (||Ti|| V ||T2||)ao and C02 = {coi + I - u) y (to + f). 
Then using the last two statements of Lemma IA.2I one deduces that 

1 1 Up Ti St U-pu\\\c. < a2 r''/^ e-2(i+p^)t ||y jj^, 

I \\d^ Up t; s; u^pu\\\c. < r''/^ r i^i/^ r^'i^ e'^^a+p^Y ^^^^ 

for alH > 0, p G R, ^ G Vn^, u G C^(R'^), multi-indices and 7,7* G (0,1) with 
|a| + 7 < A^ + z/ and + 7* < A^* + u* . 

Step 2 Let 7 G (0, 1) and a be a multi- index with |a| + 7 < N + v. Note that 
Updk = dkUp + pMd^^ Up and \p\ < n! e^^+P^^^ for all n G INq. Hence it follows by 

induction to I a" I that 



IP"' Up Ti 5i U^pU\\\c-r <{l + N\ 2^)l°"l a2 t"^/" r^Wl + Wm ^-7/2 g(., + |a"|)(l+p2), 



^2 



for alH > 0, p G R, G ^^atq, u E L2 and multi-indices a', a" with + < \a\. In 
particular, 

1 1 |f/, 9" Ti St U^pu\\\c-. < a2 ci t-''/^ g(.,+7V)(i+p2)t ||^||_^^ 
where ci = (1 + A^! 2^)^. Similarly, 

\\Up 9" Ti 5t f/_pM||oo < a2 ci t-'^/^ r e(-2+JV)(i+p2)t ||^||_^_ 
If /i G R"' with > 1 then 

II (/ - L{h))Up 9" Ti Si f/-pM||oo < 2a2 ci t-'^/^ r e(-2+A^)(i+P^)* n^n^ 



^ v t 



^g(a;2+iV+l)(l+p2)t ll^ll _ 



So 

II (/ - L{h))Up Ti St U^pu\U < as t""/^ fl^l/^ (^^) ^-3(1 V)t n^n^ 
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for alH > 0, /i e H'^, p e R, G and u e L2, where 03 = 2a2 ci and cu^ = UJ2 + N + 1. 

Step 3 Let 7 G (0, 1) and a be a multi-index with \a\+^ < N + u. Let /i e R*^, £ "Z^atq, 
p e R and m e L2. Set tg — ■;j^(j:f^- H t & (0, to] then 

||(/-L(/i))[/,a"ri5,[/_,u|U<a3er'^/n-H/2 (^)'ll«l|2 

and if t e {to, 00) then 

\\{I - L{h))Upd^TiStU-pu\\^ 



<a3 6^0-^/^0-1"!/^ {m'\\U,S,_,,U_M\2 



< aoage (a;3(l + p^)t)^^^r'^/^rH/^ (^)' e-''^(*-*o)||x.|h. 



^ I I ~r ^ I 7 I 

II (/ - L{h))U, d" T, St U_,u\\^ <a,{l+ cu^il + """^ r'^/^ t'l^l/^ (^1^^ e^^^'^H^Ih 



Hence 

|a|+7 

^-d/4^-|a|/2 /' 

for alH > 0, where 04 = 03(1 V ao)e. Similarly, 

\\Up df' Ti St U.puW^ < a4 (1 + + r*^/" r l"l/2 e'^'''*||ii||2 

for all e "DiVo) P G R) ^ > 0, jaj < and u & L2. Also similar bounds are valid with T2 
and SI 

Step 4 Let /i, /c e R'', V ^ T^Nq, p e R, t > 0, 7, 7* G (0, 1) and a,/3 be multi-indices 
with |q;| + 7 < + i/ and + 7* < A^* + z/*. Then 

\\L{h) Up d'^ Ti St T2 U.p L{-k) - Up Ti St T2 [/-plli^oo 

< ||(/ - Lihj)Up d" Ti St/2 f/-pl|2^oo II (/ - m)Up t; s;i2 u.ph^^ 

+ - L{h))Upd''T^St/2U.p\\ \\Upd^T;s;,2U-p\\ 
+ \\Up&'T^St/2U-p\\ \\{I-L{k))Upd^T;S*t,2U-p\\ 

d+\a\ + \P\+i+i* 

<a,[l + u,{l + p^)t) ' (27) 



where ag = 2('='+l"l+l^l+2)/2 a^. Similarly, 

d+|a| + |,fl 



||[/,a"ri5tr2a^c/_p||i^oo < as (1 + ^^3(1 + ^')^) ' ^-^^^^^ (28) 
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Step 5 Let t > and a, (3 he multi- indices with |q;| < and \/3\ < N*. Choosing p = 
it follows from ( 12 8 p and the Dunford-Pettis theorem that the operator Ti St T2 has 
a kernel k[°''^'^ G Loo(ltl'^ x R*^). If L denotes the w*-continuous left regular representation 
of R'^ X R"^ in L^{W^ x R'^), then it follows from ([27D that 



II 00 



\\{I-L{Kk))K, 

for all {h, k)eR'^x Wi<^. So lim(;,,fc)^(o,o) -L{h, k))Ki"'^^\\^ = and fsff"''^^ is uniformly 
continuous on R'^ x R'^. 

Define Kt = K^""'^^ if |a| = = 0. Thus Kt is the kernel of Ti St T2. 

Let |a| < A^, < A^* and t > 0. Then for all u,v e C,°°(R°') one has 

f f Kt{x,y){d''u){x){d^v){y)dxdy 



-l)\'^W\(TiStT2d^v,d''u) = {-lf\{d''TiStT2d^v,u) 
f I Kl'''^\a:,y)u{x)v{y)dxdy. 



So by density 



'-Ip+m / Kt{x,y){d^d^w){x,y)d{x,y) = i-iy^\ / Kt'^\x,y) w{x,y) d{x,y) 



y 

for all w e C;?^(R"' x R^) and the are the successive distributional derivatives 

of Kt. Since the k[°''^'^ are continuous one deduces from the lemma of Du Bois-Reymond 
that Kt is times differentiable in the first variable, the derivatives are A^*-times differ- 
entiable in the second variable and all derivatives are continuous. 

Step 6 Let |a| < A^, < A^*, t > and X, ?/ G R'^. Then it follows from ^ that 

d+\a\ + \P\ 



\K['''^\x,y)\<a,(l + uj,{l + p')t) ' T 



for all p > and ip G ^^atq- Minimizing over ip and using (12^ gives 

d+|a| + |;3| 



\K[''^^\x,y)\<a,(l + uj,{l + p')t) ' r 



and with the choice p = ^-^^^ one deduces that 

\Kl'''>[x,y)\<a^\\^uj^{t^ ^^2^ — )j t 2 e ' . (29) 
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This proves the bounds ( l25l) . 

Step 7 Let a, (3 be multi-indices, 7, 7* G (0, 1) and suppose that |q;| + I7I < N + u and 
\(3\ + Y < N* + V*. Let K > and r G [0, 1). There exists a n e (r, 1) such that 

6i = 6(l-ri)^ 



c + 2r 



Set A = ^ > 1. Further, let 6,7] E (0,1). Let x,y,h,k G R.'^, t > and suppose that 

\h\ + \k\ < nVi + t\x - y\. Let p G R and ip G Vno- 

If RHS = 05 . . . denotes the right hand side of fl27j) , then it follows from f l27|) that 



So 



< RHS. 



Kl"'^\x,y) - e''('/'W-'^(-'^))i^('^'^)(x ~h,y-k) e-''('^(^)"^(^-'=)) 



< RHS ■ e^'^'^*^'*^"'^*^^^^ 



and 



{x,y)-Kl'''^\x-h,y-k) 



< RHS ■ e^^'^^^)-^^^)) + 



X _ gP('/'(2:)-V'(a::-'i)) Q~p{^{y)~i'{y-k)) 

< RHS ■ e^('^(")-'^(?'» + \p\ {\h\ + |fc|) el^'KI'^l+l'^l) \k['''^\x -h,y-k)\. 
Suppose p > 0. Optimizing over ip gives 

< RHS ■ e-'p\^-y\ + p {\h\ + \k\) e^'d^l+l'^l) \kI'''^\x -h,y-k)\ 



\Kl'''^\x-h,y-k)\ 



-E up^t ^-cp\x-y\ 



< as (1 + ^3(1 + p')tj t-'^e' . ^^^^j 

+ p{\h\ + \k\)eP^\''\+\''\^\Ki'''^\x-h,y-k)\ 



+ 



(30) 



c\x-y\ 



. Before 



where for briefety we set E = '^+\°'\+\^\+^+'y g^^d E = f^+MtM. Choose p — ^^^^ 
we estimate both terms in f l30|) we need one more estimate to replace the denominator \/t 
by |x - y\. 



Since 



\^-y\ ^ _L^' 



'1/2 



and 



Therefore 



it follows that 



t+\x-y\) = l + 



\x — y\ 2 ^ \=o-y 
— < — e — ~ 



Ve ^/i+\x-y\ 



e t 



■Vt+\x- y\ 
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\k\ 



Vt+\x-y\ 



and 



f\h[yf\k[y' < 4^ \h\ \k\ 



Vv^/ V^/ e\^/i+\x -y\^ ^Vi+\x-y\ 



2 



' \Vi+\x-y\J 

We estimate both terms in (!30!) separately. 
For the first term note that 

2 I I c^lx — yP2A — 1 6 |x — , Ix — yl" 
up t — c p\x ~ y\ = — < — -; = —bi 

Therefore the first term in (|30l) can be estimated by 

6 n. . , , '^3c'|l--'!/|'\*^.^£ // I'il XT , / 1*1 



e V 4A2a;2^ / \\^+\x -y\J \^+\x-y\ 

For the second term we use (129|) to estimate 

i^r^fo/?)/ , ,M / \x — y — h + k\'^ p , \x-y-h+k\ 
\Kl"'^\x-h,y-k)\<a,[l + Us{t+^ L)j r ^ g"^ — 

Clearly 

|x - /i + < 2|x-?/|^ + 2(|/i| + \k\y < 6\x-y\^ + AK^t. 

2 

For the exponential set rj = -^^^ > and 6 = ^ — 1 > 0. Then 

^ Ix-y-h + k]"^ ^ ^ Ix-yp ^ ^ A;|2 



(l + r/)t r^t 



So 



|irr"^(x-/i,y-A:)| 

<a5(l + ^^ + c.3t + j t e ( ^) . exp(6«:-^ 

Next we estimate the factor p{\h\ + |A;|) e''*^!'^'"'''^!^. One has 

pi\h\ + \k\)<^—-^iKVi + T\x-y\)< ^ ^' ' 



2Aa;t ' i ^i. _ 2Aa; t 2r]\uj 

and alternatively 

c |x — y| l/il + |A;| 



P(l^l + I^l)< 



< 



c\x — y\ \h\ + \k\ ^ \x-y\ 
^/eXuj y/t y/t+ \x — y\ 



^ C{l + t^)\ 2e\^( ( \h\ V , f \k\ 



eXuj \^V^+|x-y|/ \yt+\x-y\ 
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So 



2?] A 



Using the identity 6 (1 — ri)^ — ^ = bi one deduces that the second term in fl30l) can be 
estimated by 

a5c(l + fi:)2 f CK \ 2^1-^1 , wsc^/t^ , , , 3^3 |a; - ^ 

.t-~^ ( (—^ y+(^ yX-i^^-^^-^)^-^ 

\\Vt+\x -y\^ \Vt+\x -y\^ J 
Then (ESI) follows. □ 
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